Abstract-A fast stochastic collocation method for statistically characterizing electromagnetic interference and compatibility (EMI/EMC) phenomena on electrically large and loaded platforms is presented. Uncertainties in electromagnetic excitations and/or system geometries and configurations are parameterized in terms of random variables having normal or beta probability density functions. A fast time-domain integral-equation-based fieldcable-circuit simulator is used to perform deterministic EMI/EMC simulations for excitations and/or system geometries and configurations specified by Stroud integration rules. Outputs of these simulations then are processed to compute averages and standard deviations of pertinent observables. The proposed Stroud-based collocation method requires far fewer deterministic simulations than Monte Carlo or tensor-product integrators. To demonstrate the accuracy, efficiency, and practicality of the proposed method, it is used to statistically characterize coupled voltages at the feed pins of cable-interconnected and shielded computer cards as well as the terminals of cables situated inside the bay of an airplane cockpit.
I. INTRODUCTION
T HE PROPER functioning of electronic communication, navigation, and sensing systems on modern vehicles often is threatened by internally or externally generated electromagnetic interference [1] - [3] . The characterization of these systems' vulnerability to interference is complicated by the fact that electromagnetic fields inside electrically large platforms (e.g., vehicle shells) often behave quasi-chaotically. Small perturbations in the excitation (e.g., the angle of arrival and polarization of an incident plane wave, the waveform of a source, etc.) and the system geometry and configuration (e.g., manufacturing or installation ambiguities in the routing of cables, the placement Manuscript received September 24, 2008 ; revised January 21, 2009 . This work was supported in part by the AFOSR under Grant MURI F014432051936, in part by the National Science Foundation (NSF) under Grant DMS 0713771, and in part by the Navy under STTR contract N68335-08-C-0230 arranged by Dr. Oliver Allen.
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Digital Object Identifier 10.1109/TEMC. 2009.2015056 of electronic systems, and the makeup of circuits and lumped element devices, etc.) may dramatically impact the electromagnetic interference and compatibility (EMI/EMC) performance of the overall system [4] - [10] . For electromagnetic simulators to be truly useful in the characterization of EMI/EMC phenomena on realistic structures, they must be computationally efficient and offer multiscale simulation capabilities to permit the analysis of electromagnetic phenomena on electrically large platforms loaded with (sub)wavelength-scale systems. Furthermore, they must be able to accurately account for the possible perturbations (i.e., uncertainties) in the electromagnetic excitation and the system geometry and configuration, and they must be capable of computing statistical moments (e.g., average and standard deviation) and estimate probability density functions (pdfs) of observables (e.g., coupled voltage somewhere deep into an electronic system) that are effected by these perturbations [11] - [15] .
The time-domain integral-equation (TDIE)-based simulator described in [16] - [20] has successfully addressed the first of the abovementioned two simulation challenges: It permits the efficient EMI/EMC analysis of deterministically configured, electrically large, multiscale, and loaded platforms. This simulator, which derives its computational efficiency from fast Fourier transform (FFT)-based acceleration engines [21] , [22] and parallelization [23] , [24] , hybridizes three distinct solvers [16] - [20] : 1) a field solver computes fields on the electrically large platform, antennas, shielding enclosures, boards, and shields of cables; 2) a cable solver computes transmission-line voltages and currents on cables interconnecting electronic (sub)systems; 3) and a circuit solver computes node voltages on lumped element circuits that model electrically small components. This paper presents an extension to the above TDIE-based simulator aimed at statistically characterizing EMI/EMC phenomena on electrically large, multiscale, and loaded platforms with uncertain system geometries and configurations and subject to variable electromagnetic excitations. The proposed extension leverages the Stroud-based stochastic collocation methods described in [11] , [12] , and [25] - [28] . To compute the multidimensional integrals pertinent to the statistical characterization of an observable (e.g., computation of the average or standard deviation of that observable), the proposed method calls for the evaluation of that observable (using the above deterministic EMI/EMC simulator) at collocation points (i.e., for specific excitations and/or system geometries and configurations) derived using so-called Stroud integration rules. Assuming the dimension of the space parameterizing all uncertainties is N dof , Stroud-2 (S-2) and Stroud-3 (S-3) integration rules require only N dof + 1 or 2N dof collocation (integration) points [12] , [25] - [28] to evaluate the N dof -dimensional integrals defining the average and the standard deviation of the observable to be characterized; for S-2/S-3 rules to deliver accurate results, the observable and its square should be adequately described by a second/third-order polynomial in the N dof -dimensional parameter space describing the uncertainties. The selection of the collocation points is influenced by the random variables' (assumed) pdfs, which may be normal or beta.
The Stroud integration rules used here are far more efficient than Monte Carlo or tensor-product ones. Indeed, Monte Carlo integrators [28] , [29] call for the evaluation of the observable at (quasi-)randomly selected points in the N dof -dimensional space of parameters describing uncertainties; the integration accuracy is inversely proportional to the square of the number of points selected. Even though their implementation is straightforward, Monte Carlo integrators often require too many deterministic function evaluations to yield reasonably accurate data. Of course, the accuracy of the multidimensional integrals' evaluation can be improved using tensor-product integration rules [28] , [30] . Unfortunately, if an n point 1-D integration rule is used along each dimension of an N dof -dimensional integral, the tensor-product integrator requires n N d o f deterministic function evaluations. The computational cost associated with these evaluations often is prohibitive even for moderate n and N dof , and stands in stark contrast with that incurred when using S-2 and S-3 rules, which call for N dof + 1 and 2N dof number of function evaluations, respectively. The accuracy of the Stroudbased collocation method adopted here is comparable to that of the stochastic Galerkin method, where the solution in the space of parameters describing uncertainties is represented using a polynomial Chaos expansion [31] and the resulting equations are satisfied in a Galerkin sense [11] , [12] . Even though this approach makes the stochastic Galerkin method slightly more accurate than the Stroud-based collocation methods for some problems, it requires the solution of fully coupled systems, i.e., the development of new solvers. Stroud-based collocation methods are preferred in this work since they are straightforward to integrate into existing electromagnetics simulators.
II. FORMULATION
This section details the proposed method for statistically characterizing EMC/EMI phenomena on electrically large, multiscale, and loaded platforms with uncertain system geometries and configurations and subject to variable electromagnetic excitations. Section II-A describes the TDIE-based simulator that is used to perform the deterministic function evaluations needed for the stochastic collocation method. Section II-B describes the model for the parameter space describing uncertainties and details the stochastic collocation method derived from S-2 and S-3 integration rules for its discretization.
A. Description of the TDIE-Based Electromagnetic Simulator
This section briefly describes the deterministic TDIE-based simulator; it details its three solver components (TDIE-based field, TDIE-based cable, and modified nodal analysis (MNA)-based circuit solvers) as well as their rigorous coupling at the cable shields and the circuit terminals.
1) TDIE-Based Field Solver:
The surface of the electrically large platforms, antennas, shielding enclosures, boards, and cable shields (exterior structure) is represented by perfect electrically conducting bodies and thin wires that may be attached to the bodies by means of junctions. The field solver numerically solves a 3-D TDIE enforced on the exterior structure's surface for induced electric current density. First, the current density on exterior structure's surface is expanded using N EM spatial and N t temporal basis functions. The spatial basis function set consists of surface, wire, and junction basis functions. Then, this expansion is inserted into the 3-D TDIE and the resulting equation is tested using Galerkin's method in space and point matching in time. This results in a N EM × N EM linear system of equations, which is solved using the well-known marching-on-intime (MOT) technique. The TDIE-based field solver's computational bottleneck is the computation of the fields due to "past" currents, which scales as O(N t N 2 EM ). The computational complexity of this operation is reduced to O(N t N c log 2 N c /P EM ) using the time-domain adaptive-integral method (TD-AIM) and parallelization [22] . Here, N c and P EM are the number of the nodes of an auxiliary 3-D uniform Cartesian grid that encloses the exterior structure and processors assigned to the field solver, respectively.
2) TDIE-Based Cable Solver: Under a transverse electromagnetic (TEM)-like propagation assumption, guided fields along coaxial cables are represented by voltage and current waves satisfying the well-known transmission-line equations [32] , [33] . The lossy and dispersive nature of the guided wave propagation along the transmission lines is accounted for by using the pertinent transmission-line Green function. The cable solver numerically solves a 1-D TDIE, which is obtained by enforcing the boundary conditions relating voltages and currents at the cable terminals, for current wave variables [34] , [35] . First, 2N CBL wave variables are expanded using N t temporal basis functions (N CBL is the total number of coaxial cables). Then, this expansion is inserted into the 1-D TDIE and the resulting equation is tested using point matching in time. This results in a 2N CBL × 2N CBL linear system of equations, which is solved using the standard MOT recipe. The computational bottleneck of the MOT-based solution is the evaluation of the voltages and currents, which requires the convolution of transmission-line Green functions with the past voltages and currents. The computational complexity of this computation, which scales as O(N 2 t ) is reduced to O(N t log 2 N t ) using the FFT-based algorithm of [21] . 3) MNA-Based Circuit Solver: Electrically small components are represented by equivalent (possibly nonlinear) lumped circuits. The circuit solver numerically solves Kirchhoff's equations for the node voltages and voltage-source currents on these lumped circuits. Enforcing Kirchhoff's equations for N CKT number of nonground nodes via MNA yields a N CKT × N CKT (non)linear system of equations, which is solved at every time step [23] .
Combining the systems of equations pertinent to each solver (while carefully accounting for the field interactions at circuit and cable terminals, and along the cable shields as explained in [16] in detail), results in a (N EM + N CKT + 2N CBL ) × (N EM + N CKT + 2N CBL ) coupled system of equations ( Fig. 1) , which is solved simultaneously for all field, cable, and circuit solver unknowns. The first row of the coupled system features the N EM × N EM MOT system; I EM l is the vector of unknown current coefficients,
is the vector of scattered fields due to past currents, C ec is the matrix that selects circuit terminals connected to the exterior structure, and V tc is the matrix that selects circuit terminals connected to cable terminals, and C te / V te l is the matrix/vector that represents coupling from present/past external fields.
The coupled system of equations is solved simultaneously for N EM field, N CKT circuit, and 2N CBL cable unknowns at each time step using the Newton-Raphson algorithm of [23] . The solution cost is dominated by the computations of right-hand-side
l , which are accelerated by FFT-based algorithms [21] and TD-AIM [22] , respectively. Further acceleration is achieved by distributing the workload among P processors in line with the approach in [23] : The first P EM = P − 1 processors are assigned to the field solver and the P th processor is assigned to the circuit and cable solvers, respectively. This approach maintains effective load balancing, as the field solver requires far more computations than the circuit and cable solvers (N EM N CKT + N CBL ) [24] .
B. Stochastic Models and Stroud-Based Collocation Methods

1) Stochastic Models:
an N dof -vector that parameterizes uncertainties in excitation (e.g., the angle of arrival and polarization of an inci- dent plane wave, the waveform of a source, etc.) and/or system geometry and configuration (e.g., the positions of cables and electronic systems, the values of lumped circuit elements, device descriptions, and surface impedances, etc.). Furthermore, let W (x) denote the assumed multidimensional pdf of x. Here, W (x) is expressed as a product of nonnegative 1-D pdfs w(
The random variables 
are normal or beta distributed random variables. Even though integration rules for both normal and beta pdfs are implemented in this work, modeling uncertainties with normal distributions is typically not recommended because of inefficiencies incurred with the modeling of the distribution's infinite tail [11] . In practical applications, normal distributions are often well approximated by beta distributions [11] . Assume one is interested in statistically characterizing the voltage coupled onto the port of an electronic system as a function of frequency. This voltage's average and standard deviation (for a given frequency) are expressed as
Here,Ṽ (x) is the Fourier transform of the transient coupled voltage V (x), which can be efficiently evaluated by the above described deterministic simulator for any realizable x. The question arises as to how to efficiently evaluate the N dof -dimensional integrals (2)-(3). Note that if the observable of interest was not a frequency domain voltage, but a frequency domain current or field, or for that matter a transient voltage, current, or field, integrals similar to (2)- (3) would still need to be computed. 
2) Stroud-Based Collocation Methods: The S-2 and S-3 integration rules originally proposed by Stroud [25] and recently extended to allow for the approximation of multidimensional integrals with arbitrary weighting functions in [27] allow for the efficient evaluation of (2)- (3) providedṼ (x) and [Ṽ (x)] 2 are (or can be well approximated by) second-or third-order polynomials in x. These rules approximate these integrals as
Here,
2 depending on whether (2) or (3) is being approximated, M is the number of integration points and x i and w x i , i = 1, . . . , M, are integration points and weights, respectively. Expressions for the latter quantities are given in Table II for normal and beta pdfs; the expressions provided were derived from those in [27] , which assumed standard normal distributions (µ i = 0, σ i = 1) and normalized beta distributions ([a i , b i ] = [−1, 1]) via a linear mapping. In practice, the approximation in (4) will converge to the exact integral provided the integration domain D is small enough. S-2 and S-3 integration rules require M = N dof + 1 and M = 2N dof number of integration points, respectively. This renders Stroud integrators much more efficient when compared to Monte Carlo or tensor-product ones.
Tensor-product integrators [28] , [30] treat a multidimensional integral as a nested sequence of 1-D integrals that are evaluated using 1-D integration rules, typically Gaussian ones [36] (Gauss-Hermite for random variables with normal pdf [36] and Gauss-Jacobi for random variables with beta pdf [37] ), as they provide maximum accuracy for a given number of integration points. Unfortunately, when using an n-point 1-D integration rule for each dimension of an N dof -dimensional integral, a tensor-product integrator calls for n N d o f function evaluations. Therefore, even for EMI/EMC scenarios with low-dimensional parameter spaces, the use of a tensor-product integrator is not possible. In the next section, Gauss-Hermite and Gauss-Jacobibased tensor-product integrators are implemented to compute the multidimensional integrals in (2) and (3); the number of deterministic simulations required by the Stroud integrator is small compared to that of the tensor-product integrator for several practical examples where both integrators have the same level of accuracy.
Sparse grid methods strike an interesting compromise between the efficiency of Stroud integrators and the accuracy of tensor-product integrators. These methods are discussed at length in [26] ; it is the authors' opinion that for many EMI/EMC studies Stroud integrators yield sufficient accuracy, rendering sparse grid methods less relevant.
Monte Carlo integrators [28] , [29] can also be used to compute the multidimensional integral (4). Monte Carlo integrators first select random sampling points x k , k = 1, . . . , M, that have the same pdf as W (x), then approximate the integral as the average of all f (x k ), k = 1, . . . , M. Monte Carlo integrators are easily implemented, however, their accuracy scales only as
, [29] . Even though both the Monte Carlo and the Stroud integrators call for the evaluation of the observable for specific excitations and system realizations, Monte Carlo integrators are highly inefficient compared to Stroud ones, especially for small N dof (i.e., M N dof has to be satisfied to obtain same level of accuracy as the Stroud integrator). This prohibits using the Monte Carlo integrator for many realistic stochastic EMI/EMC scenarios because of the lengthy CPU times required for many deterministic EMI/EMC simulations. The reason for this drastic increase in the efficiency can be explained as follows. All samples in the Monte Carlo integrator are most often given the same weight unlike the Stroud integrators where locations of the samples (integration points) in the parameter space and their weights are chosen carefully. However, to be able obtain the Stroud integration points and weights, one needs to assume that random variables can be approximated using low-order (smooth) polynomials. In problems, where this assumption is not satisfied, a Monte Carlo integrator would often be superior. Fortunately, in many EMI/EMC problems, uncertainties can be modeled by smoothly varying functions, thus ensuring the efficiency of the Stroud-based stochastic collocation method as shown in numerical results section.
III. NUMERICAL RESULTS
This section presents numerical examples that demonstrate the accuracy, efficiency, and practicality of the proposed approach via its application to the statistical characterization of coupled voltages (due to plane wave excitation) at the terminals of suspended coaxial cables (Section III-A), at the feed pins of shielded and cable interconnected computer cards (Section III-B), and at the terminals of coaxial cables situated inside the , k = 2, 3, i = 1, . . . , 5 (relative error between averages and standard deviation of the real and imaginary parts of the coupled voltage at node 1 computed by S-2/S-3 and the tensor-product integrators). Error-bar plots for the average and of (d) the real and (e) the imaginary parts of the coupled voltage at node 1 at 100 frequencies equally located between f = 100 MHz and f = 600 MHz (computed by the S-3 integrator).
bay of an airplane cockpit (Section III-C). All simulations were carried out on a cluster of dual-core 2.8-GHz AMD Opteron 2220 SE processors located at the Center for Advanced Computing, University of Michigan, Ann Arbor.
A. Plane Wave Coupling into Suspended RG-58 Coaxial Cables
The proposed approach is used to estimate the average and standard deviation of coupled voltages at the terminals of an RG-58 coaxial cable excited by a plane wave. The cable has polyethylene dielectric filling, wave speed c CBL = 0.78c 0 with c 0 the free-space speed of light, outer shield radius a o = 1.524 mm, inner shield radius a i = 1.397 mm, and inner conductor radius a = 0.180 mm. The cable shield's transfer impedance is approximated asT
where δ = 1/πf σµ is the skin depth, σ = 5.0 × 10 7 S/m is the conductivity, µ = µ 0 is the free-space permeability, L a = 1.0 nH/m, and R 0 = 14.3 mΩ/m [38] . Due to the high optical coverage of the cable, the shield's transfer admittance is negligible [38] . The cable resides in free-space, is flexible and uniform, and is suspended at fixed nodes that lie on the x-axis; the sagging between any two nodes is characterized using the catenary curve equation [39] . The cable is terminated by two resistors and illuminated by a plane wave propagating in thek =xcos(φ) +ŷsin(φ) direction with E φ = 1 V/m. Two different scenarios are simulated.
1) RG-58 Cable Suspended at Three Nodes:
In the first scenario, an RG-58 coaxial cable of length 6 m is suspended at three nodes that are spaced d = 2 m apart [ Fig. 2(a) ]. In this example, five parameters characterize the uncertainty (N dof = 5): the (Table III) . The average and standard deviation of the coupled voltages at node 1 are computed at f = 100 MHz using S-2/S-3 integrators, a tensor-product integrator that uses a five-point Gauss-Hermite integration rule, and a Monte Carlo integrator; results obtained using the Gauss-Hermite integrator were verified to be accurate to eight and five digits for the first and last sets of simulations, respectively (by comparison to results obtained using even higher-order Gauss-Hermite integrators). Fig. 2(b) shows the relative error between the averages computed using the S-2/S-3 (k = 2, 3) integrator (S) and the tensor-product integrator (P)
Similarly, Fig. 2(c) shows the relative difference between the standard deviations computed by the S-2/S-3 (k = 2, 3) integrator (S) and the tensor-product integrator (P)
In (5)- (8) Fig. 2(b) -(c) increase as the standard deviations σ i increase (because the effective domain of integration enlarges). In addition, one can say that for a given set, the error in averages is one to two orders of magnitude smaller than the error in standard deviation; this is expected since the integral needed for average involves only the coupled voltageṼ 1 (x), rather than [Ṽ 1 (x)] 2 , which is integrated for computing the standard deviation (i.e., the function being integrated for computing the average is smoother than the one integrated for computing the standard deviation). For a more detailed comparison of the S-2/S-3, the Gauss-Hermite, and the Monte Carlo integrators, Table IV presents the results computed for the third set of simulations by these integrators [the third simulation is the one in the middle for plots presented in Fig. 2(b) and (c) ]. In Table IV 
represents the average/standard deviation computed by the Monte Carlo simulation for the third set of simulations. To obtain the results given in the Table IV, the S-2/S-3, Gauss-Hermite, and Monte Carlo integrators required 6, 10, 3125, and 5000 deterministic EMI/EMC simulations, respectively. As expected, for both the average and the standard deviation computations, the S-3 integrator gives more accurate results than the S-2 integrator (assuming that the most accurate results are obtained by the Gauss-Hermite integrator). In addition, both S-2 and S-3 integrators are approximately one digit more accurate than 5000-point Monte Carlo integrator. For the Monte Carlo integrator Fig. 3 . Characterization of coupled voltages at the terminals of the RG-58 coaxial cable suspended at 11 nodes and excited by a plane wave. (a) Description of the geometry and the excitation. pdfs of (b) the real and (c) the imaginary parts and (d) the absolute value of the coupled voltage at node 1 (obtained using the Monte Carlo integrator).
to yield roughly the same accuracy as the S-2/S-3 integrators, it would require approximately 100 × 5000 points. It is clear from the results presented in this section that, for a stochastic problem this size, Stroud integrators are the most efficient and can provide one-two digits of accuracy even for relatively large integration domains. For the sake of completeness, Fig. 2 
2) RG-58 Cable Suspended at 11 Nodes:
In the second scenario, the RG-58 coaxial cable of length 18.63 m is suspended at 11 nodes that are spaced d = 1 m apart [ Fig. 3(a) ]. Thirteen parameters characterize the uncertainty (N dof = 13): the values of the terminating resistors R 1 and R 2 , the maximum cable sag between the fixed nodes h i , i = 1, . . . , 10, and the angle of arrival of excitation φ [ Fig. 3(a) are very large for the simple reason that these quantities are (likely) approximations to zero. The averages of the real and imaginary parts of the coupled voltage are expected to vanish because of phase cancellations that occur when the number of and/or variation in the parameters quantifying the uncertainties are large [8] , [9] . Under these conditions, the pdfs of the real and imaginary parts of the coupled voltage and its absolute value are expected to behave as normal and Rayleigh pdfs, respectively [8] , [9] . These facts are verified by the histograms obtained using the Monte Carlo integrator [ Fig. 3(b)-(d) ]. For this example, the S-3 and the Monte Carlo integrators required 26 and 5000 deterministic EMI/EMC simulations, respectively.
B. Computer Cards in Shielding Enclosures
Next, the proposed approach is used to statistically characterize coupled voltages at the feed pins of two computer cards connected by an RG-58 coaxial cable and located inside shielding enclosures that are excited by a plane wave [ Fig. 4(a) ]. The shielding enclosures are identical; both contain a motherboard and two daughter cards. The daughter card closest to the back of the box (first card) and the other one (second card) are connected to the motherboard with eight pins and one pin, respectively (see [16] for a more detailed description the cards and the pins). An RG-58 coaxial cable of length 70cm but otherwise identical to the one used in Section III-A connects to the pins feeding the 2nd cards. Two resistors, which might potentially model the resistance of cable connectors, are also connected to feed pins. • , respectively. S-3 and a tensor-product integrators are used to compute averages and standard deviations of the voltageṼ 1 (x) coupled onto node 1 at f = 0.9 GHz; the tensor-product integrator uses a five-point Gauss-Jacobi integration rule. The results are compared in Table VI , where E S, 3 [·]/std S,3 [·] , and
represent the averages/standard deviations computed by the S-3 and the Gauss-Jacobi integrators, respectively. The averages and standard deviations computed by integrators match up to sixth and fourth digits, respectively. For this example, the S-3 and Gauss-Jacobi integrators required 6 and 125 deterministic EMI/EMC simulations, respectively. For the sake of completeness, Fig. 4 
C. RG-58 Coaxial Cables in Loaded Cockpit
Finally, the proposed approach is used to statistically characterize coupled voltages at the terminals of RG-58 coaxial cables situated inside the bay of an airplane cockpit excited by a plane wave [ Fig. 5(a) ]. The cockpit is loaded with three shielding enclosures interconnected by RG-58 coaxial cables, as well as standard deviation of the absolute value of the coupled voltages on resistors R i , i = 1, . . . , 6, at f = 0.9 GHz (Table VIII) . For this problem, only the S-3 integrator, which required 18 deterministic simulations, was used because the time required for a single deterministic simulation was around 2-3 hours on 32 processors, and a tensor-product integrator with two points in each dimension and Monte Carlo integrator with a couple of digits accuracy would require 2 9 = 512 and at least a few thousand simulations, respectively.
IV. CONCLUSION
A fast Stroud-based stochastic collocation method for statistically characterizing EMI/EMC phenomena on electrically large, multiscale, and loaded platforms is presented. Uncertainties in electromagnetic excitations and/or system geometries and configurations are parameterized in terms of variables having normal or beta pdfs. The Stroud-based collocation method uses a parallel hybrid TDIE-based field-cable-circuit simulator to perform the deterministic EMI/EMC simulations required. S-2 and S-3 integrators require only N dof + 1 and 2N dof deterministic simulations to approximate the N dof -dimensional integrals needed for computing averages and standard deviations of pertinent observables. In practice, the proposed technique requires far fewer deterministic simulations than Monte Carlo or tensorproduct integrators. To demonstrate the accuracy, efficiency, and practicality of the proposed method, it successfully was used to statistically characterize coupled voltages at the feed pins of cable-interconnected and shielded computer cards as well as the terminals of cables situated inside the bay of an airplane cockpit. 
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